Ion firehose instability in plasmas with plasma particles described by product bi-kappa distributions Phys. The dispersion relation for parallel propagating waves in the ion-cyclotron branch is investigated numerically by considering that the velocity distribution of the ion population is a function of type product-bi-kappa. We investigate the effects of the non-thermal features and of the anisotropy associated with this type of distribution on the ion-cyclotron instability, as well as the influence of different forms of the electron distribution, by considering Maxwellian distributions, bi-kappa distributions, and product-bi-kappa distributions. The cases of ions described by either Maxwellian or bi-kappa distributions are also considered, for comparison. The results of the numerical analysis show that the increase in the non-thermal character associated with the anisotropic kappa distributions for ions contributes to enhance the instability as compared to that obtained in the Maxwellian case, in magnitude and in wave number range, with more significant enhancement for the case of ion product-bi-kappa distributions than for the case of ion bi-kappa distributions. It is also shown that the ion-cyclotron instability is decreased if the electrons are described by product-bi-kappa distributions, while electrons described by bi-kappa distributions lead to growth rates which are very similar to those obtained considering a Maxwellian distribution for the electron population. The instability which is known as ion-cyclotron instability (IC) may occur when the dispersion of velocities of the plasma particles along the direction perpendicular to the direction of the ambient magnetic field is larger than the velocity dispersion along parallel direction. This type of instability has attracted continued interest, particularly from the community interested in physical processes in space plasmas, since the observations consistently show the presence of anisotropic velocity distributions for particles under different space plasma conditions. [1] [2] [3] [4] [5] The ion-cyclotron instability is commonly described by considering anisotropic Maxwellian distributions, and it can be said that it is associated with the condition T i? /T ik > 1, where i indicates the ion population and T ? , T k , respectively, represent the perpendicular and parallel temperatures. 6, 7 However, observations have shown that plasma particles in space conditions frequently display non-thermal tails and anisotropies, which are not well described by Maxwellian distributions, [1] [2] [3] [4] [5] leading to the introduction of distributions with power-law tails, generally known as kappa distributions. [8] [9] [10] [11] [12] [13] [14] In fact, there is abundance of evidence of non-thermal features in velocity distributions of plasma particles in spatial environments, a situation which has fueled a growing interest in the study of space phenomena considering the presence of kappa distributions, as can be appreciated by the list of citations of a relatively recent and abrangent paper on the subject. 15 Among the existing works, it is of particular interest for the present investigation to mention studies on lowfrequency electromagnetic instabilities, related to the ioncyclotron instability 16, 17 or to the ion firehose instability, [18] [19] [20] which have been made considering kappa velocity distributions. These studies have most commonly assumed anisotropic kappa distributions which are known as bi-kappa distributions (BKs), characterized by a single kappa index and anisotropic parameters related to the temperature, 11, 16, [18] [19] [20] although some analyses can be found that have introduced the so-called product-bi-kappa distributions (PBK), which may feature anisotropic kappa indexes in addition to anisotropic temperature parameters. 17, 21 However, PBK distributions are not yet widely found in studies of plasma instabilities, although it is already recognized that distributions of this type can be useful for the analysis of the limits for the occurrence of instabilities, mostly because of their greater flexibility for the description of highly anisotropic and non-thermal features, which are frequently found in the space plasma environment. 22 In the present paper, we study the dispersion relation for the ion-cyclotron instability, considering that the velocity distributions of ions are PBK distributions, and considering that the electron distribution can be a PBK distribution, a BK distribution, or a Maxwellian distribution. The approach is similar to that which we used in a recent investigation about the ion firehose instability. 21 We obtain the general form of the dispersion relation and then discuss the numerical solution considering different situations. For comparison, we also present results obtained considering ions described by bi-Maxwellian distributions and by BK distributions. The organization of the paper is as follows: In Section II, we briefly describe the theoretical formulation and the dispersion relation for electromagnetic waves propagating parallel to the ambient magnetic field, considering the particular cases of plasma particles with PBK, BK, and bi-Maxwellian distribution functions. In Section III, we present and discuss results obtained by numerical solution of the dispersion relation, for several combinations of distribution functions. Final remarks and a discussion on future perspectives appear in Section IV.
II. THEORETICAL FORMULATION
The general dispersion relation for parallel propagation can be separated into two branches, one of them related to electrostatic waves and the other related to electromagnetic waves which are circularly polarized. For this branch of electromagnetic waves, there are two possibilities of sign (s ¼ 61), and it is easy to show that the dispersion relation can be written as follows:
where J is an integral expression, which is dependent of the distribution function of the particles
and where L and L are differential operators
Let us now discuss different forms of anisotropic velocity distributions f b0 , and obtain the corresponding form of the integral expression J(n, m, h; f b0 ), which contributes to the dispersion relation (1) .
Initially, we consider the case of plasma particles described by anisotropic kappa distributions characterized by anisotropic kappa indexes, also known as PBK distributions
where
In order to avoid negative arguments in the C functions, the range of values of the j indexes has to be restricted to j k > 0.5 and j ? > 1.0. We can define effective parallel and perpendicular temperatures for particles with velocity distribution described by Equation (3), using energy units, as follows:
Upon evaluation of the integrals, it is easy to show that the ratio of effective temperatures is given by
In what follows, the quantities h b? and h bk will be denominated "effective temperatures," while the quantities T b? and T bk will be denominated "temperatures."
Using the distribution function given by Equation (3), the integral defined in Eq. (2) may be evaluated, and we obtain the following:
and where we have introduced dimensionless variables
with X * and v * being some characteristic angular frequency and velocity, respectively. For the present application, we make the convenient choice v * ¼ v A , the Alfv en velocity, and X * ¼ X i , the angular ion-cyclotron frequency. We have also introduced in Eq. (6) the plasma dispersion function of order m, defined for distributions with a j parameter
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for j > Àm À 1/2. For m ¼ 1, the plasma dispersion function given by Equations (7) and (8) is the same as the dispersion function defined by Summers and Thorne. 9, 10 Let us also consider the case of plasma particles which are described by bi-Maxwellian distribution functions
Using the distribution function given by (9), we obtain
where Z(f) is the well-known plasma dispersion function. 24 Finally, we consider the case of plasma particles with BK velocity distributions
For particles with a velocity distribution function as defined by Equation (11), the J(s, 1, 0; f b0 ) which appear in the dispersion relation for parallel propagating low frequency electromagnetic waves becomes as follows:
If different species are described by different forms or the distribution function, either PBK (Equation (3)), biMaxwellian (9), or BK (Equation (11)), the dispersion relation has to be written using in Equation (1) a proper combination of forms of the J integrals, (6), (10) , or (12), respectively.
III. NUMERICAL ANALYSIS
For the numerical analysis, we have considered ion mass equal to proton mass and therefore ion charge number Z i ¼ 1.0, and we have considered the electron temperature as equal to the ion parallel temperature, T e ¼ T ik . For most of the cases shown, we have considered v A /c ' 1.0 Â 10 À4 and b i ' 2.0, as in well-known studies on space plasmas instabilities, 6 where
is the Alfv en velocity, and
A . However, we have also added one figure which shows results obtained considering the case of b i ¼ 1.0, in order to illustrate the effect of the change of the b parameter.
We have solved the dispersion relation considering different forms of the distribution functions for electrons and ions. In the figures, we show the imaginary part of the normalized frequency for waves in the ion-cyclotron branch, concentrating the analysis on the effect of the anisotropy due to the effective temperature of the ions on the growth rate of the ion-cyclotron instability.
In Figure 1 , we show the imaginary part of the normalized wave frequency (z i ) vs. normalized wave-number, The range of values of q which are unstable increases with the temperature ratio, as well as the magnitude of the growth rate at each value of q, and as well as the peak value of the growth rate. For T i? / T ik ¼ 2.0, which is the smaller value of the temperature ratio above 1.0 with results shown in the figure, the instability starts to be significant at q ' 0.2 and continues until q ' 0.7. For larger values of T i? /T ik , the unstable range increases and the magnitude of the growth rate increases as well, so that for T i? ¼ 7.0T ik the instability occurs between q ' 0.1 and q ' 2.2, with a maximum growth rate, which is slightly above ten times the maximum attained for temperature ratio 2.0. The situation depicted in Figure 1 (a) corresponds to the conventional ion-cyclotron instability. Figure 1(a) . We only mention here that the values of z i at the peak of the instability are slightly above those obtained in Figure 1(a) , and that the unstable range is also slightly larger. For instance, for temperature ratio 7.0, the upper limit of the unstable range, which is q ' 2.2 in the case panel (a), is q ' 2.4 in the case of panel (b). The similarity between the results in (a) and (b) is not surprising, since the PBK distribution with j ik ¼ j i? ¼ 20, considered in the case of panel (b), is not very different from a Maxwellian distribution.
In Figure 1 (c), we depict the results obtained considering the ions described by a PBK distribution, with j k ¼ j ? ¼ 5.0 and T e ¼ T ik , and T i? /T ik ranging between 1.0 and 7.0, the same values of T i? /T ik used to obtain Figures 1(a) and 1(b) .
The corresponding ratios of effective temperatures are h i? /h ik ¼ 1.17, 2.33, 3.50, 4.67, 5.83, 7.00, and 8.17. The ion distribution function is non-thermal and already quite different from a bi-Maxwellian with the same temperatures. Nevertheless, the results shown in Figure 1(c) are qualitatively similar to those appearing in Figures 1(a) and 1(b) . The tendencies seen in the case of panel (b) continue to be observed in the case of panel (c). The values obtained for z i in the case of panel (c) show that the instability is further increased by the non-thermal feature of the ion distribution function, as compared to the anisotropic Maxwellian case shown in Figure  1 (a) and to the case with distribution closer to the anisotropic Maxwellian, as shown in Figure 1(b) . The range of values of k, which are unstable, covers the region unstable in the biMaxwellian case, but the upper limit is extended toward larger values of q, and the lower limit also moves to q ' 0.1. The maximum growth rate, which is close to 0.8 in the case of Figure 1(a) , is approaching 1.2 in the case of Figure 1(c) .
In Figure 1(d) , we depict the results obtained considering the ions described by a strongly non-thermal PBK distribution, with j k ¼ j ? ¼ 2. 
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Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to IP: 143.54.44.137 On: Thu, 10 Mar Figure 1(a) , and the upper limit is very much increased and goes beyond q ¼ 5.0. For instance, for temperature anisotropy T i? /T ik ¼ 3.0, which corresponds to ratio of effective temperatures equal to 6.0, the maximum growth rate is about 1.3, while for T i? /T ik ¼ 6.0 in the bi-Maxwellian case, Figure  1 (a), the maximum growth rate is smaller, near the value 0.63. For T i? /T ik ¼ 3.0, Figure 1(a) shows that the maximum growth rate is even smaller, of course, only about 0.38. It is also interesting to notice that in the case of Figure  1(d) , the instability occurs even in the case of T i? /T ik ¼ 1.0, which corresponds to ratio of effective temperatures equal to 2.0. The presence of the instability for isotropic temperature parameters was not seen clearly in the case of slightly higher j indexes, as in the case of j i? ¼ j ik ¼ 5.0, in Figure 1(c) .
The values of the real part of the normalized wave frequency, z r , corresponding to the values of z i shown in Figure  1 , are depicted in Figure 2 . The panels (a)-(d) of Figure 2 show the values of z r corresponding, respectively, to panels (a)-(d) of Figure 1 . Figure 3 analyzes the effect of the form of the electron distribution function, by showing the values of c for waves in the ion-cyclotron branch, obtained by considering a PBK distribution for the ions and two different forms of the electron distribution function. In Figure 3 Figure 3 (b), we consider a case in which the ion distribution is equal to that considered for Figure 3(a) , but the electron distribution is also a PBK distribution instead of a Maxwellian. We consider for Figure 3 (b) the case of j ek ¼ j e? ¼ 3.0, with isotropic temperatures, T e? ¼ T ek . The electron distribution is then highly non-thermal, with extended "tails" along parallel and perpendicular directions. It is seen that the consequence of the modification in the electron distribution function is a meaningful decrease in the growth rate of the instability. For instance, the comparison between panels (b) and (a) of Figure 3 shows that, for T i? ¼ T ik ¼ 7.0, the maximum growth rate has decreased from a value close to 1.8 to a value near 1.4, only due to the change of the electron distribution function, from an isotropic Maxwellian to a PBK distribution with kappa indexes equal to 3.0, and isotropic temperatures.
In Figure 3 , it is also noticed a sizable decrease of the unstable interval of wave-numbers. For example, in the case of temperature ratio equal to 7.0, the upper limit of the unstable range is near q ¼ 4.0 for the case of electrons described by a Maxwellian distribution, in panel (a), and near q ¼ 2.8 for the case of electrons described by a PBK distribution with kappa indexes equal to 3.0, in panel (b). The inference is that, despite the fact that the instability is generated by the anisotropy in the ion distribution, the increase in the non-thermal feature of the electron distribution affects the instability, as well, in this case reducing the growth rate. A similar influence of the electron distribution has already been reported in the case of the ion firehose instability. 
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dos Santos, Ziebell, and Gaelzer Phys. Plasmas 22, 122107 (2015) Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to IP: 143.54.44.137 On: Thu, 10 Mar decrease at each value of q. The two panels also show that, for a given value of the temperature ratio, the maximum growth rate decreases with the increase in the value of j. In Figure 4 (c), we explore the anisotropy due to different values of j i? and j ik , by considering a case in which In terms of the effective anisotropy, the red curve in Figure  4 (c), obtained with j ik ¼ 25 and j i? ¼ 2.5 (h i? /h ik ¼ 4.7), should be compared to the thin black curve in Figure 4 (a), also obtained with j ik ¼ 25.0, but with j i? also equal to 25.0, and anisotropy due to T i? /T ik ¼ 4.7. The two curves are practically identical, indicating that the amount of effective anisotropy is the driving factor for the ion-cyclotron instability, with small influence of the actual shape of the distribution.
In Figure 4(d) , we investigate the effect of the electron distribution for a situation in which the anisotropy in the ion distribution is due to the j indexes. We consider a situation where the ion distribution function is the same as in Figure  4 (c), but the electron distribution is a PBK distribution, with T e? ¼ T ek and j e? ¼ j ek ¼ 2.5. The comparison between Figures 4(c) and 4(d) shows that also in this case the presence of non-thermal kappa-like features in the electron distribution contributes to decrease the instability, which is caused by the anisotropy in the ion distribution. The reduction occurs in the magnitude of the growth rate, for a given wave number, and also in the range of unstable wave numbers. The situation regarding the effect of the shape of the electron distribution, in a case where the anisotropy is due to anisotropic j indexes in the ion distribution, as is the case shown in Figure 4 , is similar to the situation depicted in Figures 3(a) and 3(b) , in which the anisotropy was due to the difference between T i? and T ik .
In Figure 5 , we analyze the effect of the parameter b i , by considering situations which are similar to those considered for Figure 1 , with the difference that we now use b i ¼ 1.0 instead of b i ¼ 2.0. The sequence of panels appearing in Figure 5 shows results which can be qualitatively described as those in Figure 1 . However, the decrease in the factor b i has caused some decrease in the magnitude of the growth rates, which is not very 17 A more detailed comparison between the dispersion relations associated with the two different forms of PBK distribution, for a large range of parameters, is clearly necessary. We intend to perform such a detailed analysis and report our findings in a forthcoming publication.
Finally, in Figure 6 , we show some results that stress the effect of the form of the distribution functions and the effect of the increase in the non-thermal character of the distribution, on the ion-cyclotron instability. We consider b i ¼ 2. On the other hand, the results obtained for small j i value, shown in Figure 6 (b), show that the growth rate of the IC instability is considerably higher in the case of PBK distributions for ions, compared to the case of BK distributions with the same j indexes. Not only is the growth rate larger, for a given wavelength, but also the range in wave number where the instability occurs is considerably larger in the case of PBK, than in the case of BK.
In Figures 6 (c) and 6(d), we perform similar analysis, but considering that the electrons are described by an isotropic BK distribution, assuming j e ¼ j i , for simplicity. By comparing Figures 6(c) and 6(a) and 6(d) and 6(b) , it is seen that the change in the electron distribution, from Maxwellian to BK distribution, has negligible effect on the growth rate of the IC instability associated to ions with either BK or PBK distributions, both in the case of relatively large j and in the case of small j. Moreover, we also consider the case of electrons described by a PBK distribution, with isotropic kappa indexes, assuming j ek,? ¼ j i . By comparing the pairs of figures obtained in this case, Figure 6 
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dos Santos, Ziebell, and Gaelzer Phys. Plasmas 22, 122107 (2015) Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to IP: 143.54.44.137 On: Thu, 10 Mar and 6(d), respectively, we see that the modification of the electron distribution from a BK to a PBK leads to a small decrease in the magnitude of the instability and a small reduction in the range of unstable wave numbers, which can be easily perceived in the case of j ¼ 5 and is negligible in the case of j ¼ 20. These findings can be summarized in the statement that the change in the ion distribution, from a PBK distribution to a BK distribution, leads to a decrease in the magnitude and range of the growth rate of the IC instability, in all the three cases of electron distribution which have been considered, and that the effect is more pronounced for relatively small j i , that is, in the case of significant nonthermal tail in the ion distribution function. On the other hand, the modification of the electron distribution function, from a Maxwellian to a BK distribution, seems to have a negligible effect, while the adoption of PBK distribution for electrons leads to a decrease in the IC growth rate.
IV. REMARKS
We have presented and discussed some results originated from numerical solution of the dispersion relation for parallel propagating ion-cyclotron waves, considering that the velocity distribution of ions is a PBK distribution and concentrating the analysis in a parametric range where the ion-cyclotron instability occurs. We have also presented results obtained considering BK and bi-Maxwellian distributions, for comparison with the results obtained with PBK distributions. The effect of the shape of the electron distribution function has also been investigated.
The results which have been obtained in the numerical analysis show an enhancement of the ion-cyclotron instability due to the non-thermal features associated to the PBK distribution for ions, in comparison with results obtained when the ion distribution is an anisotropic Maxwellian distribution. It has been shown that the range of values of wave number where the instability occurs covers the region unstable in the biMaxwellian case, but the upper limit is increased for decreasing j indexes, that is, for increasing non-thermal feature of the ion distribution. The increase of the range of instability is particularly significant for small values of j, such as j 5.0.
According to the numerical analysis which has been made, the qualitative effects associated to the non-thermal character of the PBK ion distribution are relatively independent of the plasma parameter b i .
Concerning the effect of the electron distribution function on the growth rate of the ion-cyclotron instability, our results have shown that, for electrons described by PBK distributions, the increase in the non-thermal feature of the electron distribution affects in significant way the ion-cyclotron instability, leading to a reduction in the magnitude of the growth rate and to a reduction in the range of unstable wave-numbers. However, we have seen that, if the electrons are described by a distribution of type BK, the growth rate of the ion-cyclotron instability turns out to be nearly the same as that obtained in the case of Maxwellian distribution for electrons.
By comparing different forms of the ion distribution, we have verified that the change of the ion distribution from the BK distribution to a PBK distribution leads to an enhanced growth rate, regardless of the shape of the electron distribution, when considered the cases of Maxwellian, BK, and PBK distributions. The effect of the shape of the ion distribution function obtained in the case of IC instability is qualitatively opposed to the effect obtained from an investigation of the ion firehose instability. 
